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Abstract 
The mechanism of gear meshing entails a large amount of sliding friction between the mating teeth in contact. Friction 
force on the tooth face induces non-linearity in gear dynamics. In order to explain the complex non-linear phenomena 
in a gear pair associated with frictional force on tooth face, backlash and time-varying gear meshing stiffness, a 
numerical simulation was used here. Using this analysis, the physical phenomena associated with the friction and non-
friction gear system are compared and the essential differences in the system behavior are examined. Finally, 
bifurcation, chaos and their corresponding largest Lyapunov exponents of gear system with sliding friction are 
investigated and the critical parameters are identified. 
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1. Introduction 
The gear meshing action is a combination of rolling and sliding. Since rolling resistance is considerably 
smaller than the sliding resistance [1,2], its contribution to the total tooth friction is usually ignored. In order 
to reduce noise and dynamic load, caused by gear dynamic nonlinearity, many researchers have studied 
nonlinear dynamic of gear system. Karamann et al. [3] had presented an analytical model of a spur gear pair 
with clearance non-linearity and time-varying mesh stiffness to analyze the periodical solution and chaotic 
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response by digital simulation techniques. Blankenship et al. [4] investigated the super-harmonic response 
and coexist limit cycles phenomena for single-degree-freedom gear system with combined parametric and 
clearance type by means of HBM and experimental validation. The IHBM was applied by Raghothama et al. 
[5] to investigate periodic solution and bifurcation diagram of three-degree-freedom non-linear dynamic 
gear system. Overall, few of these studies specially considered sliding resistance in gear system, and hence 
the influence of friction on dynamic characteristics remains ill-understood. However, due to the non-
harmonic type periodic magnitude and direction of sliding force on the tooth face coupling with clearance, 
time-vary stiffness and etc., the non-linearity of gear meshing system occurs. This article will develop a 
dynamic model, in which nonlinearities associated with periodic varying sliding friction force between each 
tooth pair in contact, clearance and time-varying mesh stiffness are considered, in order to explain the 
complex nonlinearities of periodic, chaotic vibration and bifurcation characteristics in a spur gear pair by 
using numerical simulation method. 
 
Nomenclature 
 
Rb1ˈ2 radii of base circles(subscripts 1 and 2 stand for pinion and gear respectively, as same as below); 
km mesh stiffness;           cm    linear viscous damping coefficient;         I         moment of inertia; 
ș vibratory angular displacement from the mean position of the corresponding gear; 
T external torque;          e(t)     unload static transmission error; 
ȝ the coefficient of friction between teeth surface(Coulomb model); 
ȟ (t) linear varying frictional force arms;     
x  relative displacement between tooth contact points;        Pb     base pitch; 
Į pressure angle;          Ra2     addendum circle radiu of gear;  
T time of contact for each tooth in mesh;           ȡ    linear displacement of gear 1;  
Ȝ direction coefficient of friction force;        bh         half of backlash between tooth pair;  
Ȧ nominal angular velocity of two gears;          
k0 mean mesh stiffness;                       kv variable amplitude of mesh stiffness;  
ev variable amplitude of unload static error;              Ȧz      tooth mesh frequency 
2. The dynamic model with sliding friction force of a spur gear pair 
For the purpose of illustration, the auxiliary components of gearbox are ignored, so that the parametric 
and non-linear effects in the meshing zone are accentuated. Figure 1 shows a generalized model for a single 
mesh gear system combined with friction and clearance, where the pinion and gear are represented by their 
base circles with radii Rb (subscripts 1 and 2 stand for pinion and gear respectively). Only two freedom of 
degree torsional displacement is studied in this model. Mesh stiffness km is calculated by Y. Cai¶s method [6] 
and cm is the associated linear damping coefficient. Here I is moment of inertia, ș represents the vibratory 
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Fig.1 Nonlinear dynamic model of spur gear 
1 
2 
angular displacement from the mean position of the corresponding gear, T1 and T2 are external torques 
acting on the pinion and the gear respectively, e(t) is the unload static transmission error. ȝ is the dynamic 
coefficient of friction between teeth surface. The differential equations of torsional motion with friction and 
clearance can be written as follows: 
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The second term on the right of Eq. 1 and Eq. 2 is the frictional torque. The relative displacement 
between tooth contact points is defined as x =Rb1ș1ˉRb2ș2ˉe(t). Here the linear varying frictional force 
arms are expressed by ȟ 1(t) and ȟ 2(t). 
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Where, Pb²base pitch; Į²pressure angle; Ra2²addendum 
circle radii of gear 2; t²time of contact for each tooth in 
mesh; ȡ²linear displacement of gear 1; Ȝ²direction 
coefficient of friction force; bh²half of backlash between 
tooth pair; Ȧ1, Ȧ2²nominal angular velocity of two gears. 
As both the mesh stiffness km(t) and unload static 
transmission error e(t) are the functions of tooth meshing 
frequency, They are expanded by Fourier series only up to the 
first harmonic term as: 
0( ) cos( )m v zk t k k tZ  ; ( ) sin( )v ze t e tZ  
Here, k0²²mean mesh stiffness; kv²²variable amplitude 
of mesh stiffness; ev²²variable amplitude of unload static 
error; Ȧz²²tooth mesh frequency Ȧz=z1Ȧ. 
In this form, Eq. (1) and Eq. (2) constitute a semi-definite 
system, and these can be reduced to a single equation by 
defining x using dimensionless parameters as: 
2
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However, from Eq. (3), a stable ș1 or ș2 may not be obtained and this induces the frictional torque may 
not be obtained. In order to resolve this conflict, the dimensionless parameters are used to rewrite equation 
(1) as: 
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xf ; h1(Ĳ) and h2(Ĳ) represent dimensionless equivalent frictional 
torque acting on each gear. And the derivatives in Eq. 3 and Eq. (4) differentiate with respect to 
dimensionless time Ĳ. 
The Eq. (3) and Eq. (4) are solved not only for the two angular displacement parameters ș1 and ș2 ˈbut 
also for spur gear dynamic response. Here, a high-pass order digital filter is applied to both the parameters, 
so that the velocity corresponding to the rigid body motion is disregarded. 
3. Largest Lyapunov exponent calculation on frictional gear system 
There are all kinds of motorial models (models of motivations) intercoupling in nonlinear gear systems 
considering friction, especially exists dissipation in these systems, the long-term behaviour of the systems 
occur on the attractor whose dimension lower than the dimension of the phase space. One of significant 
natures of a dissipative system is that a volume element of the phase space shrinks with the effect of flow 
and tends to zero in the end, that is to say the status of a nonlinear system tends to an attractor in a general 
way with attenuation of vibration process. Lyapunov exponents of a dynamical system are one of a number 
of invariants which characterize the attractors of the system in a fundamental way, they account for 
exponential convergence or divergence between trajectories that differs only in having an µLQ¿QLWHVLPDOO\
VPDOO¶GLfference in their initial conditions in a global sense, so it can indicate the stability of the attractor; 
especially using the largest Lyapunov exponent we can determine whether the system is chaotic or not. 
If all the Lyapunov exponents are ordered decrease by degrees: 1 2 nO O Ot t t , this is called the 
spectrum of Lyapunov exponents. Of course a Lyapunov exponent can be positive, zero and even negative. 
If the Largest Lyapunov exponent of a system (the system is not diffused) is positive, then the system is 
chaotic. For this reason, the motivate state of the gear system that was mentioned above can be judged via 
calculating the largest Lyapunov exponent which called LLE of the system: the motivate state of the gear 
system is chaotic if its LLE is positive; the gear system is periodical if its LLT is zero; the gear system will 
stop in the end if its LLT is negative, viz. the attractor of the system will shrink to a point in the end. 
The equation of the gear system considering friction has been known in this article, therefore the 
motivate state of the system can be determined as period or chaotic through calculating the largest 
Lyapunov exponent of it by numerical algorithms. 
4. Analysis of numerical simulations results with excitation frequency 
The two case of zero and non-zero friction factor are separately taken in the analysis of calculation. For 
the system of Eq. (3), we adopt a single-degree-freedom gear system which time-invariant stiffness k1=0 as 
analysis object. Here, dimensionless external excitation frequency Z is variable, other gear parameters are 
the invariant values for the system. Values are as follows: number of teeth z1=16, z2=24, modulu m=4.5mm, 
face width b=20mm, a=91mm, bh=0.085mm, ev=0.021mm, k0=3.24×108 N/m, kv=3.26×107N/m. The 
equivalent values of every parameter as follows: equivalent mass me=0.4622kg, k2=0.6332, ]9  1 =0.03, 
12 / mme]9  =0.019, Fm=0.08, Fah=0.247. 
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When the friction coefficient ȝ=0, the results of numerical calculations, which have been obtained by 
using R-K method and numerical largest Lyapunov exponent calculation method, are present in Fig. 2, 
which shows the bifurcation diagram and Lyapunov exponent curve graph of steady system response. 
From Fig.2, when excitation frequency is increased, we can identify the system exhibits chaotic 
response after a sequence of period-doubling bifurcations or quasi-periodic bifurcations. We can see the 
bands when periodic motion occurs (see Fig.2a) when maximal Lyapunov exponent takes negative 
value(Fig.2b). Also chaotic motion occurs when positive maximal Lyapunov exponent is found in these 
figures. By analysing Fig.2, we can find some key points, which indicate gear system motion have been 
changed with increasing excitation frequency, as follows: (a) Z <0.61 (for example, Fig.3(a), Z =0.5ˈ
Ȝmax=-0.0062), system motion is P-1, while the gear system is constant mesh with lower vibration and noise; 
(b) 0.61İZ ˘0.67, system is P-2 motion(Fig.3(b)), while the unilateral impact in gear mesh occurs, while 
the vibration and noise is higher than P-1; (c) 0.67(Ȝmax=-0.0018746)İZ ˘0.681, system presents P-4 
motion (Fig.3(c)), which indicates the number of bilateral impact; (d) from Z =0.681 (corresponding 
Ȝmax=-0.00018906) to Z ˘0.684, system keeps P-8 motion(Fig.3(d)), and when Z =0.684(Ȝmax=0.0071) 
until Z <0.687, quasi-periodic dynamic behaviour appears(Fig.3(e)); (d) when Z ı0.687(Ȝmax=0.08123, 
Fig.3(e)), the chaotic motion exhibits, while the much higher vibration and noise also occurs.  
(a)                                                                                                      (b) 
Fig.2. System response due to excitation frequency with ȝ=0 (a) Vibrational bifurcation diagram, (b) corresponding Lyapunov 
exponents curve 
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(c)                                                                                                           (d) 
 
(e)                                                                                                       (f) 
Fig.3. Phase trajectory and corresponding Poincaré map under k1=0, ȝ=0 and different excitation frequency associated with them:(a) 
Z =0.5, (b) Z =0.61, (c) Z =0.67, (d) Z =0.681, (e) Z =0.684, (f) Z =0.7. 
Contrasting Fig. 4 which is the bifurcation diagram and Lyapunov exponent curve graph of steady 
system response with tooth friction coefficient ȝ=0.1 to Fig. 3 without friction, we can find some sameness 
and difference. When excitation frequency is increased, the systems with friction and no friction exhibite 
chaotic response after a sequence of period-doubling bifurcations or quasi-periodic bifurcations. The 
bifurcation of the system with friction is postponed and inverse bifurcation is appeared. From Fig. 4, we 
can see P-2 motion occurs until Z ı0.6275, and when Z ı0.676, system becomes P-4 motion, and when 
Z ı0.685, system is P-8 motionˈand whenZ ı0.6895, system keeps chaotic motion. The corresponding 
Lyapunov exponents are Ȝmax=-0.0000075, Ȝmax=-0.00005, Ȝmax=-0.0009 and Ȝmax=0.05 respectively 
(Fig. 4b). Here, the narrow inverse bifurcation window is appeared at Z =0.925, Lyapunov exponent from 
Fig. 4b also illuminates this phenomenon. Fig. 5 shows some phase trajectory and Poincaré map with 
friction under particular excitation frequency. 
(a)                                                                                                                 (b) 
Fig.4 System response due to excitation frequency with ȝ=0.1 (a) Vibrational bifurcation diagram, (b)corresponding Lyapunov 
exponent curve  
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(a)                                                                                                       (b) 
 
(c)                                                                                                         (d) 
 
(e)                                                                                                         (f)  
Fig. 5 Phase trajectory and Poincaré map under k1=0, ȝ=0.1 and different excitation frequency associated with them:(a) Z =0.6275, (b) 
Z =0.6176, (c) Z =0.685, (d) Z =0.6875, (e) Z =0.925, (f) Z =1.2. 
5. Conclusion 
The numerical examples presented in the previous section indicate that the friction play an important 
role in dynamic behaviour in the gear system. Although the process to chaotic response of both gear 
systems without friction and with friction exhibite a sequence of period-doubling bifurcations or quasi-
period bifurcations on the condition of increased excitation frequency, there are some difference in them. 
The system with friction delays excitation frequency of period-doubling bifurcations, quasi-period 
bifurcation and chaotic motion comparing with system of without friction. And there is inverse bifurcation 
windows in frictional gear system. All above present that the friction can change the motion stability of 
system, and consequently, influence noise, vibration and impact of the gear system.  
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